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Part A (Short Answer Questions)
Answer any eight questions.

Weight 1 each.

1. When we can say that a subset of a metne spuce 15 rure. meager und nonmeager. State Buire's Category Theorom.

2. Define uniformistrong and weak operator convergence of a sequence of operators in UBOUY ) where WX3) and YY) are normed

spaces
3. Define fixed point of a mapping defined on a set. Give an example of a mapping with two fixed points.
4. Deline sinular matrices. Prove that similar matrices have the same eigenvalues.
5. Define a domain and a holomorphie finction in a complex plane \(Ch).

6. LetyAl) be a complex Banach algebra with identity Yeb). B for an clement Y(X Yin Al there exist Yy') and W24} in (A% such that b

7. Prove that the null space of \({T_{Mambda) }"{n}Y) 1s limite dimensional for every \(\Mambda ‘neq 04), where \('1") is a compact linear
operator on a pormed space (XY,
Prove that every nonzere speetral value of a compact linear operator on a Banach space is an Eigen valuc.

9. Let iy T:Hio i) be a bounded self-adjoint linear operator on a complex Hilbert space \W(HY). Prove that the residual specirum

(isigma (TR is empty.

10. Define positive operators on @ Hilbert space. Prove that the sum of two positive operators is positive.

(8x1=8 weightage)
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Part B {(Short Essay/Problems}
Answer any six questions.

W

hi # each.

Let WY be a proper closed subspace of a normed space {XY) Let \(x_0 Yin X-YY) be arbitrary and 3idelia = vnflimits_ fulde vy un Y

1iy, aide T{y) = 00) for all wy e Y3 and Wailde fix {5 = delal).
State and prove Closed Graph Theorem.

Prove that the spectiam isigmal T 1) of « bounded hnear operator 1 11) on a complex Banach space Y X1) is compact and hes m

the dise given by W[\lambdallegi| i)

s o TRy are mutaally disjoint and their unton 15 the complex plane.

Show that rhotT) \sigma p(T), \s1ema_ctTh)and ' &
Define compact brear epersior en 3 normed space. Prove that every compact linear operator 3(1:X ito Y1), where \(X4) and YY) are
nermed spaces 15 ContHIIOUS

Prove that the range of a compact linear operator Y T: X ongrightarrow Y4} where 3X4) and WY} are normed spaces, is separable,

Let Y T:ITiwo 114 be a beunded linear operator on a complex Filbert space YITy). Then prove that @ number Wilambdat) belongs to the

_[Mlambdal

such that for every Wxtm Hip.

resobvent set Wirhot 1 1y of 5 o and onlby #f there exists a MC

Define ornhiogonal projection on a Hilbert space. State wnd prove any four properties of an orthogonal projection.

{6x2=12 weightage)

Part C (Essay Type Questions)
Answer any two quesﬁons.

Weight 5 each.

et ¥ T be a bounded lincar aperator irom o Banach space 4 XY onto a Banach space YY), Prove that the mmage of the open unit ball

Let 42XV be a complex Banach space. 3 Tun BOCX)Y and Mpilambday=talpha_{n}\ambda®n + alpha_{n-!}iambda®{n-1}+\cdots

+ialpha_{011} 15 a polynonual of degree \(n') | then prove that Wsigma (p(T))=p(isigma (T)}).

et ALY be a complex Banach alpebra with identity Yet). Then show that \sigma(x) 'ne iphit).

1. Prove that the difference 4{P=P 2-P 1%} is a projection if and only if\(Y_1'subset Y_2Y)

2. 174P=P 2-P 1\ 15 a projection, prove that WP} projects W(HY) onto (Y=Y _2icap Y_1%perph).

(2=5=10 weightage)
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